The fidelity of general bosonic channels with pure state input 
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We first derive for the general form of the fidelity for various bosonic channels. Thereby we give 
the fidelity of different quantum bosonic channel, possibly with product input and entangled input 
respectively, as examples. The properties of the fidelity are carefully examined. 
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Quantum bosonic channels are a specific type of quan- 
tum channels with continuous alphabet [l[ . Due to their 
important applications to optical transmission in which 
photons are employed to convey the information, large 
efforts have been devoted to studying the properties of 
these kinds of channels. For example, the calculation for 
the quantum and classical capacities, entropy, or fidelity 
has drawn much attention. Particularly, the fidelity can 
be applied to measure how close the input states and the 
output states of the quantum channels arc. A fidelity 
of unity implies identical quantum states while a fidelity 
of zero implies orthogonal quantum states. To some ex- 
tents, it evaluates how well the quantum channels pre- 
serve the transmitted information thus it is an essential 
physical quantity in quantum information theory 0, [3[ . 

The evaluation of the fidelity for a class of bosonic 
channels might be also relevant for quantum tasks such 
as continuous variables cloning and teleportation [3[. 

Specifically, here we study the fidelity of general quan- 
tum bosonic Gaussian channels on occasions input is a 
pure Gaussian state. These bosonic channels represent 
multiple scenarios of quantum information transmission, 
thus render our study into a nontrivial one. 

A quantum system with n modes described by n pairs 
of canonical coordinates (xi,Pi) is a CCR(canonical com- 
mute relation) system[3, and the annihilation and cre- 
ation operators (a^, af) of these modes are related to 
(xi,pi) according to Xi = -±=( ai + a 4 + ), p L = ^(ai-af). 
For such a system, a state p characterized by its Weyl- 
Wigncr distribution, 

K( Pe ) =tr ( P W e ) 



where W £ = exp{ieR T } is the Weyl opera- 
tor. Here e is 2n dimensional real vector, R = 
(xi, X2, x n ,pi,p2, ...,p n ). the state can be obtained as 
p = (27r)~ n / x(p E )W {e) + d 2n e. A Gaussian state have 
a Gaussian Weyl-Wigner distribution and thus can be 
written as below: 
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in which the 2n x 2n matrix T is the covariance 
matrix and 2n dimensional real vector D are the 
displacements with defination Di = tr(Rip),Ti 



Re({Ri-D i )(R j -D j )) l 
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, n). The posi- 
tivity of quantum states requires T + ia >= 0, a = ©102, 
and (T2 is the second Pauli matrix, So T >= is also re- 
quired. When the state is pure, T > C Sp(2n). 

A general Gaussian channel p — ► T(p) can be defined 
by its action on weyl operator 0, 0] , 

T(W e ) — ► W+ A e-? eGeT 

where A, G is 2n x 2n real matrices, and G > should 
be symmetric matrix. Then we obtain output state 



p out = 
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Therefore, the input-output fidelity of a general Gaus- 
sian channel with Gaussian pure input is 



F = Tr{p in p out ) 
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As r > and G > 0, so the displacements D will not 
increase the fidelity. 

We will present some examples in next steps. 

The first important example of Gaussian channel is 
the single-mode amplification channel, for which A = 
y/rj I2, G = (rj — 1) I2, I2 is the identity matrix of two 
dimension. Amplification channel has important applica- 
tion in C-V cloning process. For this kind of channel, we 
can give the fidelity directly 

F = (det^ (I + r^T + rj - I)- 1 

the maximum F = 2/(3?7 — 1) reaches at T — 1/2. 



Another important example is the classical noise chan- 
nel for which A = I, G > 0. For these channels displace- 
ments have no effect on fidelity, which is a good property 
for process like cloning or teleportation. The Gaussian 
C-V clone and a large class of C-V teleportation both can 
just be described as a single mode classical noise channel. 

We will consider the occasion a bit more complex when 
there exists correlated noise. 

Now memory arises in bosonic Gaussian channel. The 
bosonic Gaussian memory channel is characterized by the 
following map [|| 



$ : $ (Pin) = J d 2 fad 2 faq fa, fa) D (fa) <g> D (fa) p in D+ (fa) ® D+ (fa) 



with 
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where /3 = [3? (fa) , 3 (fa) , 3? (fa) , 3 (fa)} 1 and lN is the 
covariance matrix of the noise quadratures 
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where x is the correlation coefficient ranging from to 
1. When x — 1, the channel is with full memory; when 
x = 0, the channel is memoryless.we can easily rewrite 
this channel in Heisenberg picture: 

$ (W e ) = W £ e £ ~ fN£T 
Assume the input state is product coherent state 

Pin = I7172) <7l72 1 
Then we have the following relations: 

r = i 
2 

Finally the fidelity comes to be 
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Remembering that x ranges from to 1, therefore the 



fidelity has upper bound F 



' Mem 



Upp 
Me 



1 



(N + iy 



and lower bound F \2ern 
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From the equations above, we can see that when the 
memory intensity x of this channel becomes larger, the fi- 
delity also becomes larger. Besides, the fidelity decreases 
with growing noise variance N . 

Quantum entanglement has proven to be a valuable 
resource which has wide applications in quantum infor- 
mation domain Q. Its intrinsic nonlocal nature often 
enables it to have better performance to accomplish the 
quantum information tasks. 

When the input state to the bosonic memory chan- 
nel is entangled continuous variable state, more complex 
results are expected. 

Assume the input state is bipartite entangled vacuum 
state- 
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In this case, we have V 
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/ cosh 2r — sinh 2r 

cosh2r sinh2r 

— sinh 2r cosh 2r 

\ sinh2r cosh2r 



and 
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G = JN 



I cosh 2r + N - sinh 2r - xN 

cosh2r + iV sinh2r + xN 

-sinh2r-xN cosh2r + 7V 

\ sinh2r + xN cosh2r + 7V 



Consequently, the fidelity is 



l + N 2 + 2N cosh 2r - x 2 N 2 - 2xN sinh 2r v ' 

Examining Eq. (2), we find that same principles hold: 
the more noisy the channel, the less the fidelity of the 
channel. Besides, the fidelity of the channel increases 
with larger squeeze parameter r. And still, the fidelity of 
the channel grows larger with increasing memory inten- 
sity x. 

In this paper, we study partially the fidelity in cases 
of bosonic Gaussian channel with a pure state input. In 
principle, the fidelity decreases with noise variance N. 
When there is leakage of energy from the channel into 
the environment, the fidelity drops off with passing time 
t. 



With the presence of memory, the fidelity of the chan- 
nel with product coherent input state increases with 
growing memory intensity x. If the input state to the 
bosonic memory channel is entangled squeezed vacuum 
state, the fidelity of the channel also increases with grow- 
ing squeeze parameter 7, which represents how highly 
entangled the state is. 

The studies here can be deepened by exploiting the 
fidelity of the channel with more complex input states. 
Our study is limited to finite uses of the bosonic chan- 
nels. The situation for the fidelity of the channel of infi- 
nite uses of the bosonic channels is expected to be more 
interesting. 

The fidelity is a crucial physical quantity to evaluate 
the quality of information transmission. We hope our 
research can make this issue more clarified. 
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